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ABSTRACT 
In this paper, we study the scattering and eigenvalue problems for a periodic open optical resonator that is an 
infinite chain of active circular cylindrical quantum wires standing in free space. The scattering problem is 
solved by the method of partial separation of variables. The eigenvalue problem differs from the first one by the 
absence of the incident field and presence of “active properties” of cylinders and yields the frequencies and 
thresholds of lasing.  
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1. INTRODUCTION 
Today’s technologies enable manufacturing of advanced light-emitting devices based on single or multiple 
quantum wires embedded in epitaxially grown semiconductor microcavities [1]. Advantages of quantum wires 
with respect to quantum wells include their better thermal stability, lower chemical reactivity, and higher 
mechanical strength.. 
2.  PROBLEM FORMULATION 
The considered resonator consists of the parallel to the z-axis and periodic along the x-axis circular cylinders – 
see Fig. 1. The distance between cylinder centers is p  and their radii are a . We consider that the 
electromagnetic field is time-harmonic ( i te ω−∼ ) and does not vary along the z-axis. 
Then two alternative polarizations, E and H, can 
be considered separately using the function, 
( , )U x y , which will denote the zE  or 0 zZ H  
component of the electromagnetic field, 
respectively. It should satisfy the Helmholtz 
equation with different coefficients: 2 2 2( ')k k ν= , 
where ν α= in scattering problem and 
iν α γ= − in eigenproblem ( , 0α γ > ), inside each 
cylinder and 2k  outside. Here, α  is the refractive 
index and γ  is the material gain which appears in 
the presence of pumping – see [2] for detailed 
discussion of the linear eigenproblem approach in 
the linear modelling of microcavity lasers. Note also that it had been applied in the earlier papers [3,4] to the 
threshold analysis in the 2-D circular microcavities and in [5] to the similar analysis of the 1-D VCSEL-type 
layered cavity containing an active region.  
The field components tangential to cylinder’s boundary must be continuous. Besides, U must satisfy the 
condition of the local power finiteness and the condition of radiation at infinity. Although the most general 
situation implies that the field functions within the adjacent elementary cells of the periodic cavity differ by a 
phase factor, i.e. ( , ) ( , ) i pU x p y U x y e β+ = , in the following treatment we will assume that 0β = . The task is to 
find non-zero solutions to the formulated homogeneous problem. 
3. BASIC EQUATIONS FOR SCATTERING PROBLEM 
3.1 Boundary conditions 
The periodicity condition means that internal fields of cylinders are equal to each other, and the contributions to 
the external field generated by each of cylinders are the same. Hence, on introducing the local polar coordinates 
co-axially with each cylinder as ( , )s sr ϕ  and the global coordinates with the origin in the centre of the 0-th 
cylinder as ( , )r ϕ , we can use the partial separation of variables and write   
 int
( )
( , ) ( ) ,sins s s n n s s
n
U r c J k r e r aϕϕ ′ ′= <∑  (1) 
Fig. 1. Sketch of the periodic cavity of active dielectric circular 













( ) ( ) ( )
( , ) ( ) ( ) ,sinout outs s s n n s s
s s n
U r U r b H kr e r aϕϕ ϕ ′= = >∑ ∑∑  (2) 
where summations are performed from −∞  to +∞ . Note that expressions (1) and (2) satisfy the Helmholtz 
equation and the conditions of radiation and local power finiteness.  




( 1) ( )inc n inn
n
U J kr e ϕ= −∑ . (3) 
The series (2) for the external field is not convenient because of the presence of arguments expressed in 




( ) ( ) ( )sin inn s n l l
l
H k e H ksp J k eϕ ϕρ ρ−=∑ . (4) 
This leads to the representation that contains infinite sums of the Hankel functions:  
 (1) (1)
( ) ( ) 0 ( )
( , ) ( ) ( ) ( )out in iln n n n l l
n n s l
U b H k e b H ksp J k eϕ ϕρ ϕ ρ ρ−
′≠
= +∑ ∑ ∑∑ . (5) 
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where the sign “+” corresponds to E-polarization and the “-” does to H polarization, mL is so-called lattice sums, 
those in the case of normal incidence vanish for odd order and are 
3.2 Lattice Sums 
0
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The lattice sums are treated by Twersky’s approach that is a 
summation using Bernoulli coefficients  
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= =
− + − ⎛ ⎞= + + + ⎜ ⎟− ⎝ ⎠−
∑ ∑ , (9) 
where 2mB  are Bernoulli coefficients. 
3.3 The Main Equation 
After fulfilling of substitution  / ( )m mb b J ka→  and excluding coefficients { }mc ,  we obtain 
 .[ ( ; , )] , { } { }mn m n m mI A X b A A b bκ ξ α
+∞ +∞
=−∞ =−∞+ = = =  (13) 
where , / ,ka p aκ ξ= =  and 
 ( ) ( )mn mn n mA K Lκ κξ−= ,  
,
,
( ) ( )
( )






















= −  (14) 
 ( ) ( ) ( ) ( )Em m m m mV J ka J ka J ka J kaα α α′ ′= −      
1 ( ) ( ) ( ) ( )Hm m m m mV J ka J ka J ka J kaα αα
′ ′= −  (15) 
 ( ) ( ) ( ) ( )Em m m m mF H ka J ka H ka J kaα α α′ ′= −       
1 ( ) ( ) ( ) ( )Hm m m m mF H ka J ka H ka J kaα αα
′ ′= −  (16) 
This is the Fredholm second-kind matrix equation due to the rapid enough decrease of the matrix elements 
mnA  if ,n m → ∞ .  
Fig. 2. The lattice sums behavior. 
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3.4 Floquet Harmonics and Results 
Representation (2) converge rapidly enough, and so we rewrite itd in terms of the Floquet harmonics [8].This is 
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into expression (2) and performing some mathematical manipulations involving the Poisson summation formula. 
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πγ =     21b sg γ= −  (19) 
If the normalized frequency 2 1σ κξ π= < , the plane wave reflectance is defined as the squared amplitude of 
the zero Floquet harmonic, 0f
+ . The data in Fig. 3 are for the H-polarization and strongly depend on the value of 
σ that is typica for such problems – see, for instance, [13]. Here we see the resonances near to the integer values 
of the indicated parameter σ . They are associated with the natural modes of the grid of dielectric wires. 
4. EIGENPROBLEM 
Returning to equation (13), omitting the incident field, and introducing “activity” in the cylinders by adding 
a negative imaginary part to the refractive index, we obtain the characteristic equation for the eigenproblem, 
 .det[ ( ; , )] 0, { }mn m nI A A Aκ ξ ν
+∞
=−∞+ = = , (20) 
where the coefficients .{ }mn m nA
+∞
=−∞   have exactly the same form as (14) and only in (15)-(16), instead of the real 
refractive index α we substitute the complex number, iν α γ= − . The determinant equation (20) is very 
sensitive to convergence of coefficients .{ }mn m nA
+∞
=−∞ . If the unknowns have been chosen properly, the matrix 
elements decay as 
 
2 2 1/2
1/ 2 3/2 1/ 2 1/2
( ) , 1, 1
2
m m n m
mn n m n m n m





+ + − + −
− >> >>∼   
That is quite enough for satisfying the Fredholm conditions. 
(a) (b) (c) 
Fig. 3. Reflectance of the periodic chain of dielectric wires under the normal incidence, H-polarization. 
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The results in Fig. 4 are 
obtained by iterations from 
the first maximum in Fig.3 
(c) taken as the initial guess. 
Here the most interesting is 
the plot in Fig. 4 (a), where 
we observe the drop in the 
lasing threshold with 
increasing the value of ξ . It 
means that when the volume 
of the active region in 
periodical structure 
decreases, the threshold value 
of material gain also gets 
smaller. 
This paradoxical behaviour is 
linked to the assumption that 
chain of active nanowires is 
infinite.  
The frequency of lasing tends 
here to the branch point 
associated to the grazing 
propagation of a plane wave 
given by a Floquet harmonic. 
This is evident from the 
lattice sum representations 
(8) and (9). 
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